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Abstract. We consider the Laplace operator in a thin three dimensional tube with a Robin 
type condition on its boundary and study, asymptotically, the spectrum of such operator as 
the diameter of the tube's cross section becomes infinitesimal. In contrast with the Dirichlet 
condition case [2], we evidence different behaviors depending on a symmetry criterium for the 
fundamental mode in the cross section. If that symmetry condition fails, then we prove the 
localization of lower energy levels in the vicinity of the minimum point of a suitable function 
on the tube's axis depending on the curvature and the rotation angle. In the symmetric case, 
the behavior of lower energy modes is shown to be ruled by a one dimensional Sturm-Liouville 
problem involving an effective potential given in explicit form. 
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1. Introduction 

In a previous paper [2], the authors presented a new variational approach by T-convergence 
in order to study the asymptotic behavior of the spectral problem for the Laplace operator 
with homogeneous Dirichlet boundary conditions in a tube of infinitesimal thickness. The limit 
problem arising from a 3D-1D reduction analysis was shown to be characterized by a ID-effective 
potential depending explicitly on the local curvature and torsion. From there, very interesting 
effects on the energy levels could be evidenced in terms of the geometrical characteristics of 

■ the thin domain, in a way which was complementary to many results in the literature, as for 
Qs^ [ instance in [3] , [6] , [7j . 

■ In the present paper we perform the same analysis for the case of the Laplace operator with 
. Robin boundary conditions, more precisely, we consider the eigen problem: 

l> 

o 

(N 



) dUe 

K'driZ 



l^ + ^,u, = o, on an,. ^^-^^ 



where e is a small positive parameter, Jig C is a thin and long domain generated by a cross 
section cj^ = e cj (being uj a fixed subset of M?) which rotates along a curve through an angle 
5^ . a{s) with respect to the Frenet frame. Here the function 7^ is a suitable scaled real coefficient 

in L°°((?r2£,]R+). In terms of local coordinates x = \I'£(s,y) with {s,y) G [0,L] x du, (see (2.6) 
in Section 2), it has the form 



for (y,s) G]0,L[x9w, 
7o(y), for {y,s) G {L} x w, (1-2) 
.lUy), for {y,s) G {L} x uj, 



where function 7 G L°°(5a;;M^) is a weight for the Robin condition on the lateral part of the 
thin tube Jl^ whereas 70, 7l G L°°(a;;]R+) are associated with the Robin condition we set on 
the two bases. Notice that the Dirichlet case studied in [2] can be formally recovered by taking 
l^lQilL = +00. However the situation is quite different here and the asymptotic analysis as 
e — 7- of the eigenvalue problem p.ip under the scaling given in (|1.2p reveals an important 
novelty. Indeed, two rather distinct situations will occur depending on the geometric constant 
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vector pq := — u^nda where uq is the fundamental mode in the cross section w with exterior 
2 Jduj 

unitary normal n. If po vanishes, which is the case when subset oj and function 7 present enough 
symmetry, then the lower level eigenmodes are propagating along the central curve and are 
characterized through a suitable ID spectral problem with a potential weighted by local torsion 
and curvature; thus the situation is similar to the Dirichlet case treated in [2]. 

In contrast, if po is a non zero vector, then a localization phenomenon takes place in the vicinity 
of the minimum point of a suitable function on the central curve depending on the curvature and 
on the rotation angle. In that case we show that the low level eigenmodes behave, after blow-up, 
like the eigenfunctions of a ID-harmonic oscillator. Let us notice that similar effects have been 
pointed out recently in [1] where narrow strips in are considered whose thickness presents 
a strict global maximizer. Two dimensional waveguides with mixed Dirichlet and Neumann 
conditions have been also considered in |8],[9]. 

In Section 2, after introducing the geometry of the waveguide and the scaling, we present our 
asymptotic variational approach and some preliminary results. In particular, we give a pertur- 
bation result for the fundamental eigenvalue in the cross section. In Section 3 we study the 
symmetric case (po = 0) and prove the spectral convergence to a ID limit Sturm-Liouville prob- 
lem. The non symmetric case po 7^ is considered in Section 4. We prove the localization of 
the lower energy levels and evidence a gap between them, blowing up like as e — )■ 0. 



2. Definitions and preliminary results 

2.1. Geometry of the domain. Let r : s G [0,L] — )■ r{s) G M'^ be a simple curve in 
parametrized by the arc length parameter s. Denoting by T its tangent vector and assuming 
that T'(s) 7^ for every s G [0, L], we may define the usual Frenet system (T, N, B) through the 
following expressions: 

r=^ = r' (llr'Iba = 1); N = T' / \\T' \\^^; B = TxN. 
as 

Denote by k : s £ [0, L] — )• k{s) £ M and by r : s G [0, L] — )• t(s) G M, the curvature and 
torsion functions associated with the curve, respectively. They are functions in L°°(0,L) and 
they satisfy the Frenet formulas: 

T' = kN; N' = -kT + TB; B' = -tN. (2.1) 

It is clear from ()2.ip that the plane defined by {N{s),B{s)) rotates around T(s), as s moves 
along [0,L]. On the contrary, if we consider the Tang system {T{s),X{s),Y[s)) for X and Y 
satisfying 

X' = XT; Y' = fiT; T' = -X X - p^Y, (2.2) 

where A and p are functions of the arclength parameter s, the plane defined by {X{s),Y{s)) 
does not rotate around T(s). It is easy to check from ()2.ip and ()2.2p that the velocity of the 
rotation ao{s) of {N{s),B{s)) with respect to {X{s),Y{s)) at each point s G [0,L] satisfies 

Qo(s) = -j^ = —t{s); we also obtain that A = —kcosao, p = ksinao (see [2]). 

The twisted thin domain on which we will study the energy levels of problem (jl.ip will be 
described by a rotation function a G L°°(0, L). Let us define 



Ba{s) 



cosQ;(s) N{s) + sina(s) B{s) = cos(a — ao){s) X{s) + sin(a — ao){s) Y{s), 

— sinQ;(s) N{s) + cos a{s) B(s) = — sin(a — ao){s) X{s) + cos(a — ao){s) Y{s). 

(2.3) 



THIN WAVEGUIDES WITH ROBIN BOUNDARY CONDITIONS 



3 



Then, given to cM? an open bounded simply connected subset of M^, we define for every small 
parameter e > 

Qe ■■= {x£R^ : x = r{s) + eyi N^+ey^ B^, s G [0,L], y = (7/1,^2) G • (2.4) 

The diameter of the cross section of the domain 0,^ is of infinitesimal order e (in particular much 
smaller than the length L). Moreover, the local torsion at every point of the central curve r{s) 
is measured by the parameter f := r + a', i.e. by the velocity of rotation of the cross section 
with respect to the Tang system. 



2.2. Variational formulation on a fixed domain. We start from the variational formulation 
of problem (jl.ip : 

/ VusVw + / 7e w = / UsW for all w G //^(r^e), 

to which we associate the quadratic energy functional defined in H^iVL;;) by: 

Fe{w):= / \Vw\'^dx+ / -fe\w\'^ da. (2.5) 

As usual in dimension reduction analysis, it is convenient to deal with an equivalent formulation 
on a fixed domain Ql :=]0, L[xtj. In relation with (|2.3p and ()2.4p . we consider for each e > 
the following transformation 



V'e : Ql ^ ^e, 

{s,y) = {s,{yi,y2))^ x = r{s) + e yiNa + e y2Ba. 

(2.6) 

Accordingly, to every element u G //^(O^), we associate v G H^{Q) defined by 

v{s,{yi,y2)) := ^^(^e(s, (yi, ?/2)))- (2.7) 

We write the gradient of v in the form (u', Vyv), being v' the derivative with respect to s G [0, L]. 
In order to compute the Dirichlet energy of u on il^, we introduce 



f := T + a' , I3^{s,y) := 1 — ek{s){za ■ y), := (cos a, — sina), z;^ := (sin a, cos a), (2. 

where Za • y represents the inner product in of Za and y. 
Then, after some computations, we get 











-£f(z^ ■ y) e cos a 



-e sm a 



detVV'e = e^Pe, 



\ ef{za-y) esina ecosa J 

\ 



' fie 



-Tyi 



cos a sm a 



sma cos a 
e ^ I 



Thus we have 
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(|Vn(x)|2) dx 



Juj 



(|Vt.(s,i;) Vif-'(s,!/)|2)£2 dy ds 



dy ds, 



(2.9) 



where it! is the clockwise rotation matrix 



1 

-1 



Let now x £ =]0,L[x duj^ and, representing by t the local tangential coordinate along the 

dy 

oriented boundary of w, define, for y = y{t), V '■~ have 



dx dx 
'ds^ ~dt 



T N B 

Pe -£t{z^ ■ y) ef{za ■ y) 
e{y ■ Za) e{y 



and, consequently. 



dx dx 
ds dt 



(2.10) 



where, as can be checked by ()2.8p and Taylor expansion of the square root, the function re(s, y) 
satisfies 



> and 



< Ce. 



(2.11) 



From dXTUD, ([XTT]) and the fact that 7 G L°°(0,L), it follows that 

/ dasix) - ["^ [ ^ \v\^ ( 13, + 'lf\y . y)A da ds < Ce'^ ["^ [ 

Jr^ Jo Jdtu \ ^ J Jo Jd 



\v\ da ds. 



(2.12) 



On the other hand, if j; G := {0, L} x cj^, then 



dx ^ dx 
dyi dy2 



£^ and we get 



Is \u\^ dae{x) = e^ / (70 |u(0,y)|^+7L |?;(L,2/)|2) dy. 



(2.13) 



Let us define the functional '■ H^iQh) — )■ M by setting 



1 



Juj Pe 
L ^2 



+ 



+ 



v' + (Vyf • R y)f dy ds 

Jo 2 Vya. ^ ' ' ; 

70 b(0,?/)P+7L b(^,y)n 



9a; 



ds 



(2.14) 



Then, recalling (|2.7|) and collecting (|2.9|) . (|2.12|) and (|2.13|) . we obtain, for small e, the following 
estimate: 
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F,{u)-F,{v)\ < Ce^ \Hm(Q,y (2-15) 



2.3. Perturbed problem in the cross section. In view of the last term appearing in ()2.14p . 
an important step is to understand the behavior as e — )■ of the following minimal Rayleigh 
quotient in each cross section {s} x oj: 



|Vyu| dy+j I3e{s,y)-f\v\ da 
me{s) := inf ^ ^ . (2.16) 

he{s,y)\v\^dy 

J u) 

Recalling that /3e(s,y) = 1 — e^(s) • y, to each ^ G we associate the following perturbed 
spectral problem in H^iio): 



-div [1 - ^ • y] Vu = \ [l-i-y]u, in w, 

du ^ ^ , (2-17) 

7- — h 7U = 0, on ou). 

on 

For small values of |^|, the related operator is positive self-adjoint with compact resolvent. We 
denote by Ao(^) the fundamental eigenvalue of (|2.17p . It is given by the following minimum 
problem: 

v^qI \^{l-^-y)\vydy J 

Then, we observe that 

me{s) = Ao (eA;(s)z„(,)) . (2.19) 

Therefore, it is worth studying the behavior of function Ao(^) in a neighbourhood of ^ = 0. 
Let (Ao,uo) be the first eigenpair of the Robin-Laplace operator in w, i.e., 

— Alto = Ao uq, in uj, 

+ 7^0 = 0, on duj, (2.20) 

on 

,^o>0, Lng = l. 
We associate with uq two vectors (which depend only on uj and 7): 



i / uln da and yo := / ulydy. (2.21) 
^ Jduj Juj 



We obviously have that Ao(0) = Aq which is stricly positive since we took for 7(5) a non negative 
function. Moreover, by Krein-Rutman's Theorem, Aq is a simple eigenvalue for (|2.20p and the 
associated eigenvector uq can be chosen to be positive on u. 

We notice that uq is orthogonal in L'^{uj) to all components of the vector function Vuq — po uq 
being po given by ()2.2ip . Indeed, by integration by parts, we have: 

2 / ■uo(Vno - Po no) dy = (V (uq) - 2poul) dy = ul-nda-2po = 0. 

Juj Juj J duj 

Thus, by Freedholm's alternative, for every ^ = (^1,1^2) G I^^j there exists a unique solution 
of 
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- Axg - Ao = • Vno + ^ ■ Po uq in w, 
|f+7XC = 0' on (9a;, 

,Lxc^^o = 0. 



(2.22) 



By linearity, we have xs, = CiXi + ?2X2 where the shape functions Xi solutions for ^ = 
Ci, i = 1,2. Setting x ■= (xii X2) and denoting by I2 the 2x2 identity matrix, we introduce the 
following tensor 

Mo = -\h +{pQ®yo) +\ f ul{y®n)da + f uo{x0n)d(j. (2.23) 

^ ^ Jdio Jduj 

In the next proposition we show that function Aq defined in (|2.18p is differentiable at ^ = with 
VAo(O) = pq. Furthermore we give a polynomial estimate at third order for Ao(^) as well as for 
the following "error" functional 



E^iv):= [ il-C-y){\Vv\^ -{Xo + po-Ov^)dy+ I {l-^ ■ y) 7 da. 

J LU J dui 



(2.24) 



Proposition 2.1. Let pq^Mq he defined by ()2.2ip and ()2.23p . respectively. Then, there exists 
constants C > and rg > such that: 



Ao(o- ( Ao + po-e+2^/oe-e 



< C 1^1^ whenever \^\ < rg. 



(2.25) 



Ei:{uo + x^) - ^Mo^ ■ ^ 



< C whenever < tq. 



(2.26) 



We notice that if, in the expressions ()2.2ip and ()2.23p . we substitute uq with the fundamental 
mode of the Dirichlet problem in Q, then we obtain po = and Mq = — which is nothing 
else but the result in [2] (Proposition 4.1). 

The identification of the first and second order terms of Ao(^) near ^ = can be done directly 
by formal asymptotic expansion. However, in order to provide a rigorous proof, we will use an 
alternative formulae for matrix Mq, given in next lemma. 



Lemma 2.2. Let po and Mq be given by ()2.2ip and by ()2.23p . respectively. Then, the following 
equalities hold true for every ^ G M^; 



^Moe-e = /(e-Vx5)no + (^Vno)(e-?/)^xo = / (^ Vno) X5 + (Po • 6 (?/o • 6- (2.27) 

^ Ju Jul 



Proof. Since div((^ • y)^) = and ||no||L2(;^) = 1, by integrating by parts we obtain 



(^ • V|no|')(^ ■y)dy = -ller + / (e • n){C ■ y) \uq\' da 



and, consequently. 



/ (e-Vno)(e-y) 



uq dy 



m 



1 



^ +^7 / {^■n){^-y)\uQ\Ua. 



(2.28) 



On the other hand, noticing that ^ = V(^ • y) and exploiting equations (|2.2Up and (j2.22p . we 
infer 
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/ • Vx^) uody- / • Vuq) x^dy = / ^ (Vxg no - Vuq Xe) dy 

Jul Jul J U! 

= - / • y){C ■ Vuo) uq dy + (/3o • Oivo ■ 

J UJ 



where in the last hne we exploit identity ()2.28p . Noticing that 

/ • Vx^) uo dy+ / • Vuo) X^dy= • n) da, 

J U) J UJ J du! 



we deduce that 



/ (^Vx5)no(iy = f (^^.n)(^.y)\u^,\^da+hpo-0{yo<) + l [ {^■n)x^uoda (2.29) 



I 



dui Z Z Jg^^ 

{C.Vuo)xidy = -^^+] [ [^.n){C-y)\uo?da-hpo-C){yo<)-^ [ {C-n)x(Uoda (2.30) 



Plugging (|2.28|) . (|2.29|) and (j2.30p in the second and third members of (|2.27|) . it can be checked 
that both expressions agree with ^Mq^ • ^, being Mq given by ()2.23p . 

□ 

Proof of Proposition 12.11 

We begin by proving (j2.25p . This is done in two steps. 

Step 1. First we notice that the perturbed eigenvalue problem ()2.17p is well posed provided ^ 
is small enough. Indeed, if 1 — • ?/ has a positive lower bound on w, then the operator 

r dw 1 

: w ^ -div(^{l-(, ■ y)Vu?j, D{A^) = Iw £ H'^{uj) : + 'jw = 0, on dui 

has compact resolvent and is a positive self-adjoint operator, acting on L'^{uj) endowed with the 
scalar product {u\v) = /^(l — ■ y)uvdy. As a consequence of Krein Rutman's Theorem, the 
first eigenvalue Ao(^) is simple and the second eigenvalue Ai(^) is such that Ai(^) > Ao(^). In 
fact there exits ro > and k > such that 

Ai(0-Ao(6 > 1^ whenever 1^1 < ro, (2.31) 

which follows from the continuity of functions Aq and Ai in a neighborhood of ^ = 0. This fact 
can be established by using the strong continuity with respect to ^ of the resolvent operator or, 
directly, by passing to the limit in the variational characterization of Ao(^n) and Ax(^n) 
sequence — ^ with the help of the compact embedding H^{^}) C L^(r2). 
Let us set -P(^) := Aq + /Oo " + ^MqS, ■ By the continuity of |Ao(^) — P{0\^ need only to 
prove that 



(\Ao{0-PiO\ 



limsup < > < +00. 

To that aim we substitute ^ by e.^, where e — )• and |^| = 1, and show that |Ao(e^) — P{e(,)\ < 
Ce^, for a suitable constant C (independent of e and of the unit vector ^). 
Exploiting (|2.3ip . we may apply the assertion i) of Lemma l5.ll to the operator A^^ defined in 
the Hilbert space = L?'{oj) endowed with the scalar product (tf|f)e := /^(l — • y)uvdy. 
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As we have (1 — Ce)||«||i2(;^) < (nlti)^ < (1 + C'e)||u||/^2(^), we eventually conclude that ()2.25p 
holds true provided we show the existence of a sequence of quasi eigenvector {we} such that: 



\A(We - P{eC)We\\L2(u) < Ce^\\We\\L^ 



(2.32) 



Step 2. We prove (|2.32p . In what follows we will suppose that ^ is fixed and, in order to 
simplify the computations, we denote Ai := po ■ (, (see ()2.2ip ) and ui := so that problem 
([2:2^ reads 



— Aui — Xq ui - 
dui 

— h jui = 0, 

on 

J^uiuo dy = 0. 



• Vuo + Aitio, in w, 
on dio, 



(2.33) 



Setting A2 := IMq^ ■ ^, we have -P(eC) = ^^o + + e^A2. Let us consider 



uq + eul + e U2, 



where U2 is the unique solution of 



C • Viii - (^ • Viio)(^ • y) + Aiiii + X2U0, in Lu, 

on du), 



- AU2 - Xo U2 ■ 
^+7^2 = 0, 
J'^U2Uo dy = 0. 

The existence of U2 follows from the Fredholm orthogonality condition 



(2.34) 



(2.35) 



A2 



[(C • Vni)no + (^ • Vno)(C • y)uo] dy, 



which by (|2.27p is satisfied precisely for A2 := ^MqS^ ■ ^. On the other hand W;; given by (j2.34p 
satisfies the prescribed Robin condition and therefore belongs to the domain of A^^. 
Now we compute A^^{ws) — P{e^) gathering power like terms in e and using (|2.20p . (|2.33p . (|2.34p 
and (fOSD : 

-diy(^[l- {e^-y)]Vwe^ -P{eO [I- H-y)]we= - e^^ ■ y)Au2 + C ■ VU2] 

- ^'^[{^ ■ y){^oU2 + Aiui + A2tio) - A1U2 - A2ni] 

- [(? • y){^iU2 + A2ni) - A2U2] 

- U-y)\2U2]. 



In view of the continuous polynomial dependence of tii,n2,Ai and A2 with respect to ^, and 
since ||w;£||x,2 — 1, we can therefore find a constant C > independent of e such that (|2.32p 
holds true. This completes the proof of (j2.25p . 

Proof of 0:26]> : In view of (f2:20]l . we have that -div((l-^ • y)Vno) = X^il-i- y)uQ + i-VuQ. 
By integration by parts, we deduce that for every V' G H^{(^) it holds 

/'(l-^2/)(V^zoVV- Aono^)+ / (1-^ y)7Uo^ = /(^ Vuo) (2.36) 
In particular, for ip = uq, taking into account that J^Uq = 1 and ()2.2ip . we obtain: 

Eduo) = - [ Po<{l-i-y)ul+ f (e-Vno)no = (fpo)(fyo)-fPo+^e- / V(^zg) = (e-po)(f yo) • 
Taking now i/' = X$ in (|2.36p and recalling that uqX£, = 0) we get 
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/ • y) (VuqVxc - (Ao + C • po) xe) + / • y) 7 xc 



(C-/5o)(e-2/o) + £^?(X5) + 2 / (e-V^xo)x5 + 2e-po / (C-y)noXc 

^ J UJ 



On the other hand, by ()2.22p we have 

-div((l-C • y)Vx^) = • y)(Aoxc - e • V^xo + e • po^o) + C • Vxg, 
from which foUows, by multiplying by X(, ^^'i integrating by parts , 

EdXi) = - I [(C-po)(|xd'-«oX5)+C-V^xoxd + / e-Vx5X5- 

J LJ J UJ 

Then, recalling that uqXs, = 0, we rewrite (|2.37p as follows 

E^{uo + xc) = (e • Po)iC ■yo)+ / (^ Vno) x? + RiO , 
where the reminder -R(^) is a sum of terms of power order greater than 3 with respect to ^: 

m) = [ (^y)^vnox5- / (l-^y)(e•po)lxcl' + (^/3o) / (e-y)^xoxc+ / (^vxc)x5• 

Jo; ^o; J UJ J UJ 

Therefore, taking into account the second equality in (|2.27p . we conclude that, for |^| sufficiently 
small, 



E^iuo + Xi) - \moC ■ C 



m)\ <c\c\'. 



(2.37) 



□ 



3. The symmetric case 

In this section we will assume that the solution uq of (jl.ip satisfies the following balance relation: 



Po 



duj 



Uq n da 



0. 



(3.1) 



This condition is necessary in order that, for small values of e, the lower energy modes propagate 
along the 2:3 direction. Otherwise, as we will discover in the next section, the fundamental mode 
will localize. Let us notice that condition (j3.ip involves only the geometry of u and the function 
7 G L°°{duj) associated with the Robin condition. In particular, if 7 is constant, it can be 
checked that it is fulfilled if u has one axis of symmetry. 

We will assume further that the curvature k{s), the torsion r(s) and the angular parameter a{s) 
have the following regularity 



k G L°^(0, L) , re W^'°°{0, L) , a e W'^'°"{0, L) . 
Then, recalling (|2.8p (in particular f = r + a') and ()2.23p . we set 

q{s) := ^Moe(s) • ^ + C, f{sf - C2f'{s) , i{s) = k{s)z^^,) 
where constants Ci,C2 (depending on u and uq) are defined as follows: 



(3.2) 



(3.3) 
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Ci:= [ \Vuo-Ry\^ dy+^ f j ul{y ■ yf da , C2 := [ uo{Vuo ■ Ry) dy. (3.4) 

The scalar function q(s) appearing in (j3.3|) will play the role of an effective potential in the limit 
problem which rules the X3-propagation of lower order modes. More precisely, let us introduce 
the following Sturm-Liouville problem 

'' -w" + q{s) w = fj, w, w€H'^{0,L), 
-w'{0) + (70 - C2f(0)) w{0) = , (3.5) 
w'{L) + (^^L + C2f{L)'^ w{L) = 0, 

where we have set 



70 := / 70 ul dy , 71 := / 7i ^^o dy- (3.6) 

Then, the main result of this section states the convergence of the family of spectral problems 
(|l.ip in the symmetric case. 

Theorem 3.1. Assume that ()3.1|) and ()3.2|) hold. Then the eigenvalues Aq < Af < • • • < Af < 
• • • of the spectral problem (jl.ip satisfy for each i G N 

K = ^ + ^lU fA^i^i, (3.7) 

where jii (i &'H) are the eigenvalues of ()3.5p . Furthermore, if is a normalized eigenvector 
for problem (jl.ip associated with Af, then, up to a subsequence, vf{s,y) = uf(V'e(s,y)) converges 
strongly in Lp'{Qi) to Vi{s,y) = Wi{s)uo{y) where Wi is a normalized eigenvector of problem 
()3.5p associated with ^Uj. Conversely, any such Vi is the limit of a sequence u| o t/;^ where is 
an eigenvector of (jl.ip associated with Af . 

Remark 3.2. The result above is quite similar to the main result of [2]. Only changes the 
structure of the effective potential q{s). In particular, the influence of the curvature k(s) is 
taken into account through the function Mo^(s) • (,{s) where AIq is not a priori a scalar tensor 
as it was in [2] . Notice that if we formally substitute the Robin condition on the lateral part of 
the tube by a Dirichlet one (that is 7 = +00), we get Mq = —^h (independent of the shape of 
uj) and we recover the effective potential obtained in [2]. 

The key argument in order to prove Theorem 13.11 consists in establishing the F-convergence of 
suitable quadratic energies defined on H^{Ql) and to apply to them the general statement of 
Proposition ()5.2p (see Appendix). We observe that, thanks to ()3.ip . applying (j2.25p yields 

Ao(£e(g)) - Ao ^ 1 ^^^^ _ ^^^^ uniformly on [0, L] . (3.8) 
2 

In view of ()3.8p . these functionals are obtained, up to multiplicative factor e^, by shifting the 
initial energy F^. More precisely, we introduce Ge '■ L'^{Ql) — K defined by 

G^^^y_^hFe{v)-^f,'^f^PeXov'dy, ifveHHQL), ^3_g^ 
I +00 otherwise. 

In connection with spectral problem ()3.5p . we consider G : L^((5l) — ^ 1^ defined as follows 

i^oiw) if v{s,y) = w{s) uoiy), w £ H^{0,L), 
I +00 otherwise, 

where 
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Go{w) :-- 



'|2 , 

\w + 



Cif2 + =-Mo^ ■ e 



1 



w"^ + 2C2f{s)w'w] ds + ^Qw{Qf + ^Lw{Lf . (3.11) 



Proposition 3.3. Under the hypotheses of Theorem \3.1\ T - converges in Lp'{Q) to G given 
by (|3.10p and (j3.1ip . Moreover, the family of functionals Ge satisfies all conditions i), ii) and 
Hi) of Proposition \5.2l 



Proof. We proceed in three steps: in Step 1 we prove that {G^} satisfies the hypothesis i) and 
ii). Then we spht the proof of Hi) into two steps: in Step 2 we prove the lower bound inequahty 
for the F-convergence, and in Setp 3 we estabhsh the existence of a sequence reahzing the lower 
bound. 

Step 1. Recalling the definition of Ge (see ()3.9p and ()2.14p ) we have 



Ge{v) 



+ 

+ 
+ 



1 



1 

Juj l^e 
L 



v + {VyV ■ R y)f 



dy ds 



Pei\^yv\'^ - Xo\v\'^)dy + I5el \v\'^da 



ds 



L^2 



did 



7 ■ y)^ da ] ds + e 



'y \v\ da ds 



Jdui 



(70 k(0,?/)P +7L \v{L,y)\'^) dy, 



(3.12) 



where re{s,y) is uniformly bounded in (s,y), for e small enough (see (j2.10p and (j2.1ip ). 
Since 7,7o,7l and -^{v " ?))^ + ^'^e are non negative (see (|2.1ip ). from (j3.12p we deduce 



Ge{v) > 



1 

+ - 



1 

Jlo f^e 
L 



v + (V.yt; • R y)f 



dy ds 



/3,(|V^7;|"-Aobr)(iy+ / ^elHda 

du) 



ds, 



(3.13) 



and also, using the definition of Ao(eC(s)) (see ()2.18p ). 



Ge{v) > 
+ 
+ 
> 



Juj 
L^2 



V + (VyU • R y)f 



+ A 



Ao(eC(5))-Ao, 



dy ds 



did 



7 I^P(y ■ y)^ da ] ds + e / j \v\'^ r^ da ds 



Jdcu 



(70 \v{0,y)\^+jL \viL,y)\'^) dy 





' 1 


L 


Je 



v' + (Vj,^; • R y)f 



+ A 



Ao(£C(5))-Ao, 



dy ds. 



(3.14) 



Since (3^ converges uniformly to 1, in view of (j3.8p and (j3.14p . for e small enough we can find cq 
such that condition i) is satisfied. 

Consider now a sequence {v^} bounded in LP'{Ql), such that Ge^Ve) is also uniformly bounded. 
Then, first from (|3.13p and (|3.8p . and then from (|3.14p . we will obtain, for some M and 
independent of e, 
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Ql 



< + {VyVs ■Ry)f 



< M. 



. / 

JQl 



VyVeV < N. 



(3.15) 



From (j3.15p . we infer that the sequence {Dve}, where Dvs = (u^, VyUe), is bounded in [L'^{Ql)]^. 
Thus {vs} is bounded in H^{Ql) and strongly relatively compact in L'^{Qi) by Rellich-Kondrachov 
Theorem. 

Step 2. Let {ve} be a sequence such that Ve ^ v in L?'{Ql). Up to a subsequence we may assume 
that liminf Geive) = lim Geive) < +oo . Then, as proved in Step 1, the sequence is bounded in 

£->-0 e-s>0 

H^{Ql) and inequalities (jS.lSp apply. Therefore, v belongs to H^{Ql) and v'^ v' ,VyV£ S/yV 
weakly in L?'{Qi). In particular, as R y ,f £ L°°{Qi), we obtain: 

< + {VyVe ■Ry)f v' + {Vyv ■Ry)f. 

Futhermore, from (j3.14p and the uniform convergence p.Sp we deduce that 



VmiuiiGJve) > 



Ql 
2 



L~2 



2 1 1 

v' + (Vyv ■Ry)f\ + - (a/o • \v\^\ dy ds 

( / l\v\'^{yyf da\ ds+ (70 |y(0,y)|2+7i |i;(L,y)|2) dy. 

(3.16) 



On the other hand, from (|3.13p and since ^^(fe) is uniformly bounded, one has that 

rL 

lO ^ Juj 

But 



> liminf / ( / Peil'^yVel'^ " MVe\'^)dy + [ Pe 7 \Ve\'^da) ds. 

Jo ^Jui Jduj ' 



lim inf 



./tJ 



yVef - Mvef) dy ds + 



Jdu) 
L 



I I \{y yv\^ - \o\v\'^)dyds + [ [ j \v\'^dads > 0, 

Jo Juj ' Jo Jdu) 



by the definition of Aq- Therefore, for a.e. s £ (0,L), 



[ \{Vyv\^ -\o\v\^)dy+ [ 

Juj J du 



J \v\ da = 



and v{s,-), as an eigenvector associated with Aq, is proportional to the ground state uq. We 
deduce that v can be written in the form v{s,y) = w{s)uo{y) with w G H^{0,L) (since v € 
H^(Ql)). We plug this expression of v into (I3.16P to conclude that liminf G^ivg) > G{v) where 

e-5>0 

G{v) = Gq{w). This achieves the proof of the lower bound for the F-convergence. 

Step 3. Let v G L?'{Ql). We have to show the existence of a sequence {u^} such that ^ v and 
lim Geive) = G(v). We may assume that G(v) < +oo so that we can write v(s,y) = w(s)uo(y) 

for a suitable element w G H^{0,L). We consider Vg defined by Ve = w{s)[uQ{y) + eip{s,y)] 
where ip G H^{Ql) is given by ip{s, y) = X^{s){y)j ^Hs) being the solution, for each s, of problem 
(|2.22p . for ^ = C(s). Clearly Vs ^ v strongly in H^{Ql) and, as /S^ is uniformly close to 1, we 
have 
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lim 



L^2 



v'^+VyVe- Ry f dsdy+ —( -f\vs\ {y ■ y) da] ds 



[ v' + VyV ■ Ryf dsdy+ [ ^( [ -y \v\'^ {y ■ ijf da) ds 
Jql Jo ^ ^Jduj ^ 

[ \w'\^ + Cif{s))^\w\'^ + C2w'wf{s)ds 
Jo 



(3.17) 



and 

lim / (70 b.(0,y)|2+7i \v,{L,y)\^) dy = ^0 |^(0)|2+^^ \w{L)\^. (3.18) 

On the other hand, since = w(s) (uq + XeS,)^ replacing 13^ by [1 — e{S, ■ y)] and using assertion 
ii) of Proposition 12.11 with po = 0, we obtain 



1 



l3sis,y)(\yyVs\'^ - Xo\vs\'^) dy + / f3e{s,y) 'j \vs\'^ da 

^ ' Jduj 

— \w{s)\^E^^(^s) [uq + Xeiis)) = \w{s)\'^ - Mo C(s) • C(s) + Pe{s), 



(3.19) 



where lim Pe(s) = 0, uniformly in [0, Ll. 

Passing to the limit in Ge(fe) as e — )■ and taking into account (|3.17|) . (|3.18|) and (|3.19|) 
integrated with repect to s, we are led to 



lim Ge{vs) 

e^O 



which completes the proof. 



□ 



Proof of Theorem 13.11 By Proposition 13.31 G given by ()3.1ip is nothing else but the F- 
limit in LP'{Ql) of {Ge) as e — )• 0. It is a lower semicontinuous and quadratic functional from 
L'^iQi) into (—00, +00] (in the sense of ([5], Theorem 11.10). By (j3.1ip its domain of finiteness 
D{G) = {w{s)uQ{y) : w G ii'^(0,L)} can be identified with H^{0,L) and we have 



G{w{s)uo{y)) = Go{w) = ao{w,w) , 

where oq is the continuous coercive bilinear symmetric form on (0, L) deduced from the right 
hand side of ()3.1ip . After integration by parts and recalling the definition of q in ()3.3p . we 
observe that for every smooth test function ip, there holds 



ao{w,ip) = J {w'lp' + qwip) ds + C2[[fw(p]{L) - [f'wip]{0)j + jo'w{0)ip{0) + ^L'w{L)ip{L). 

Therefore, the self-adjoint operator associated with oq is the (compact resolvent) operator Aq : 
L'^{Ql) L'^{Ql) whose domain D(Aq) consists of all elements w G H^{0,L) which satisfy 
the boundary conditions appearing in (|3.5p and such that Aqw = —w" + q{s) w for all w G 
D[Aq). Then, Theorem 13. II follows by applying Proposition 15.21 to the sequence {Gg}, which by 
Proposition 13.31 satisfies all the required conditions. □ 
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4. Non symmetric case and localization 

In this section we consider a geometry w and a Robin factor 7(5) for which the balance condition 
(|3.ip is not satisfied, that is po = — j Uq n da is a non zero vector. 

It turns out that locahzation occurs at the minimum points of the following scalar product 

</5(s) := po ■ ^is) (recall ^{s) = k{s)z^{s)) . (4.1) 

We will assume that the function ip is of class C^([0, L]) and that it admits a unique global 
minimizer at sq G (0,L): 

Pq := ip{so) < ip{s) for all s ^ sq and ^"{sq) > 0. (4.2) 
In particular (p'(sq) = and the function ^ — ^[o^^ extended by prescribing the value i(/9"(so) 

|s-sor 

at s = So is positive continuous on the whole interval [0, L]. Thus, there exists r]Q > such that 
% I'S — •5oP < ip{s) — Po < — \s — Sop for every s G [0, L] . (4.3) 

We are going to show that localization occurs in the vicinity of r(so). The concentrating behavior 
of eigenvectors turns out to be described after a suitable blow-up by the lower level eigenfunctions 
of the classical ID-quantum harmonic oscillator. More precisely let 



^0 ■■= \ll (Po-e"(so)) (4.4) 

and consider the spectral problem 

-w" + i'^t'^w = iyw, w £ H'^{M)nL'^{R;t'^dt), (4.5) 

(being L^(R; t'^dt) the subspace of functions w E L^(M) such that < 00). 

We recall (se for instance [3], & 2, Prop 25-26]) that we may associate with (j4.5p a positive 
self-adjoint operator in L^(M) with compact resolvent and whose eigenvalues are all simple and 
given by 

Ui = uo{l + 2i) , ien. (4.6) 

Moreover, there exists an orthonormal basis of eigenfunctions in terms of Hermite polynomials 
as follows: 

Mt) = .,^1/2 ^ ""'^"'^ mV^o) , i/i(t) = (-l)*eV_(e-V) (4.7) 
In particular, the normalized fundamental mode wo{t) := e 2 satisfies 

/ l^oP = 1 , / = y , / iVol^ = ^ , / tVoP = (4.8) 
Our second main result reads as follows 

Theorem 4.1. Assume that ^{s) given in (|4.1|) belongs toC^([0,L]) and that (|4.2p is satisfied. 
Let Ui be defined by (|4.6p . Then the eigenvalues Aq < A| < • • • < A| < • • • of the spectral problem 
(|l.ip can be expanded as follows 

Af = ^ + — + ^ where, for each i G N, lim uf = Vi . (4.9) 

e Je e^o 
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Furthermore, if is a normalized eigenvector for problem (jl.ip associated with A|, then, up to 
a subsequence, vf{t,y) converges strongly in ^^(M x uj) to Vi{t,y) = 

±Wi{t)uQ{y) , being wi given by ()4.7p . Conversely, any such Vi is the limit of a sequence of 
eigenvectors uf for (jl.ip associated with Af . 

Since the eigenvalues are simple, we infer from previous theorem that, for all i, the spectral 
distance Af_,_^ — Af, i > is of order l/\/£. 

Our next issue is the asymptotic behavior of the first eigenvalue Ag as e — )• 0. We assume that 
the function (p{s) in (j4.ip still satisfies (|4.2p and, in addition, ,^(s) belongs to C^([0, L]). Recalling 
(fX^ and dil]), we set: 

9o := -MoC{so)-C{so)+Cit{so) -C2T {so) + — ]-— . 4.10 

Conjecture. The first eigenvalue Aq satisfies the following expansion 



Aq - ^ + — + ^+^^0+0(1) 



In this paper we are able to prove the upper bound part of the conjecture above, namely 
Proposition 4.2. Let ^(s) belong to C^([0, L]) and satisfy (j4.2p . Then it holds 

limsup(A§-^-^-^) < ^0. (4.11) 

We strongly believe that the upper bound obtained here is optimal. However, the proof of the 
lower bound inequality seems to require much more intricate arguments. 

Remark 4.3. In order to describe the localization of the eigenmodes v\ in the vicinity of 
So, we made a blow-up of function v\ by setting v\{t,y) := £°'^'^v{sq + £°'t,y) where a = 1/4 
(notice that the norm remains unchanged). Let us explain this choice of a performing the 

change of variable t := - — in the shifted energy Je{v) := -F'e(f) — (Aq + £ Po) /g/^el'^P; 
where in order to simplify we take f = and 7o = 7i = and in which we substitute the 
expression [J^ /J^lVyUpdy + jg^Pe 7 jt'pdcr] ds, appearing in (|2.14p . by its optimal lower 

bound J^^ J^\i£C)/3e\v\^dyds. Withv{t,y) := £"/^v{so + £''t,y), L, := [-|&,^] and /3, ~ 1, 
we roughly obtain 



Je{v) ~ £ 



2-2q 



/ [ \v'{t,y)\^ dy dt+ [ [ {X{£({so + £"t)) -{\o + £po))\v\^dyds. 
J Jlj Jo Juj 



Exploiting ()2.25p and ()4.3p . we can see that A(e^(so + e"*)) — (Ao + £ Po) is of order e^+2a_ 
Then, in order to balance the different powers of £ in the expression above for Je{v), we need 
that 1 + 2a = 2 — 2a. Thus a = 1/4 and Je{v) is of order £^^^ which, after division by volume 
factor , gives exactly the exponent £^^^^ appearing in ()4.9p . 



In view of the discussion in Remark 14.31 we now fix the change of variables 



* = ^' Ht) = e'/'viso + e'/U), tGls-.- 



so L - So 



eV4' ei/4 

together with a rescaling of the energy, defining : L'^ (W x ui) ^ M. as follows 
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I +00 otherwise. 



Denoting /^^(t) := l3s{so + e^^H) , fe{t) := f{so + e^^H) , if Ge{v) < +00, then 



Geiv) 



+ 



1 



+ e^'^{VyV ■ R y)fe\^ dt dy 



£3/2 

+ e 



1/2 ' 



2 



Pe(\^yv\ - {>^o + £fJ'o)\v\ ) dt dy + / Psl\v\ dt da 



_e_ 

2 L 



7 {y • yf\v\'^ da 



e^/^ / I 70 



dt 



+ IL 



L- s q 



-,y 



dy 



(4.12) 



One checks that, for every e, v £ H^{Ql) if and only if 5 G H^{Is x ^) and it holds 



bllii(Q,) < Ce^/^\\v\\l,^j^^^) (4.13) 



In connection with the one dimensional spectral problem ()4.5p . we introduce the quadratic energy 
G : L2(M X w) 1 defined as follows 



'Go{w) \iv{t,y) = w{t)uQ{y), w £ H\R) n L'^ {R; t^ dt) , 



Giv) := { 

+00 otherwise, 
where, with defined in ()4.4p . 

G'o(«^) := 



(4.14) 



/|2 I J.2 2 I |2\ J 
l« +t Vn.\M ds. 



(4.15) 



As in the previous section the following proposition prepares our second main result 



Proposition 4.4. Under the assumptions of Theorem \4-l[ the sequence of Junctionals {G^} 
defined in ()4.12p satisfies all conditions i), ii) and Hi) of Proposition being the T -limit of 
Ge given by (liTTil) and (|iJ5]) . 



For subsequent estimates, it is useful to introduce 



feit) 



Ao{eC{so+e^/H))-{Xo + e fio) 



r3/2 



, fo{t):=-{po-C"iso)) (= i^it') (4.16) 



Lemma 4.5. Let ^(s) be of class C^([0,L]) and satisfy ()4.2p and ()4.3p . T/ien, for small e, 
there holds 



fe{t) > Vot^ -cV^ 

Moreover, the convergence fe — t- /q holds uniformly on bounded subsets of] 



(4.17) 
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Proof. By ()2.25p and the boundedness of function £,{s), it holds |Ao(e^(s)) — (Aq + e 9^(5)) | < 
Ce'^ . Since by (j33I) we have ip{so + e^/H) > fiQ + e^/^r^o t^, it follows that 

Ao {e^iso + e^/^i)) - (Ao + ^ > e^/^m f - C e\ 

which, after dividing by e^/^, leads to lower bound ()4.17p . Moreover, for every t, we write 
the following Taylor expansion (at third order in e^^^): ^(sq + e^/^t) = ^(sq) + e^^^ t^' {sq) + 
e-^/^ Y i" {sq + 1) , being 6 a suitable value in (0, 1). Then, inserting in (j2.25p . we are led to 

\fs{t) - m\ < ^ I {ip"{so + e'/^et)) - ^"{so)\ + Ce3/2 ^ 
and fe —7- /o uniformly on compact subsets, thanks to the uniform continuity of (p" on [0, L]. □ 



Proof of Proposition 14. 4L The conditions i), ii) of Proposition ()5.2p are established in Step 
1. The T— convergence of Gs (condition iii)) is proved by checking the lower bound inequality 
in Step 2 and the upper bound inequality in Step 3. 



Step 1. (Coercivity and compactness) Looking at the expression (|4.12p . since 7,7o,7l are non 
negative (see ()2.1ip ). we obtain 



Ge{v) > I I ^\v' + £'/\VyV-Ry)fe\^ dtdy 



+ 



1 



^3/2 / / , 



Pe(\^yv\ - {>^o + £fJ'o)\v\ ) dt dy + I I Psl\v\''' dt da 

duj J If 



(4.18) 



On the other hand, by ()2.16p . ()2.19p and ()4.16p . we have the sharp lower bound 



1 



l3e[\Vyv\' - iXo + efio)\v\') dt dy+ / I3e-f\v\' dt da 



£3/2 

from which follows that 



> / / fePeWdtdy, 
'id J h 



Ge{v) > 



v' + e^'\VyV-Ry)f,\' +Pefe\v\ 



dt dy 



(4.19) 



In particular, for small e, as /?£ > 1/2 whereas > — c by ()4.17p . the condition i) of Proposition 
[Qis fulfilled by G^. 

In order to check condition ii), consider a bounded sequence {v^} in L^(]R x oj) satisfying 
sw£>Ge{ve) < +00. Then, in view of (gTZ]), and we obtain 

/ \yyVe\^<M, I v'^ + e^/'^{VyVe-Ry)fe'^ <M , I t'^\vs\'^ dtdy < M, {4:.20) 

for a suitable constant M independent of e (notice that, by definition, the condition Gei^e) < 
+00 implies Ve = a.e. in (M\l£) x uj). Possibly after extracting a subsequence of {ije}, we may 
assume that Vg ^ v weakly in L^(]R x w). Then, by (j4.20p . for every finite 77 > 0, {vs} is weakly 
compact in H^{{—r],r]) x oj)) so that by Rellich-Kondrachov Theorem, there holds 



lim 



\v\' 



^ ??,»7)x(.j J {—ri,ri)XLL) 

By exploiting the third inequality in (|4.2Up and as Ve = outside Ig, we obtain 
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II V iii9 /ii9 /ii9 

\v\ dtdy < liminf / l^^l dtdy < limsup / \v^\ dtdy < / \v\ dtdy + 



inf / 



2 



from which fohlows the strong convergence of Ve in L^(M x uj) by sending r/ to infinity. 

Step 2. (Lower bound inequality). Let {v^} be a sequence such that v in L^(M x co). We 
have to estabhsh 

limini Geive) > G{v) . (4.21) 
Up to a subsequence we may assume that hminf GJve) = hm GJve) < +oo. Then, as noticed 

e-5>0 £-!>0 

in Step 1, the sequence {ve} is bounded in i?j^Q^(]R x uj) since estimates (|4.2U|) hold. Therefore, 
the hmit v is an element of ff[Q^(M xuj). Let us pass to the lower limit in inequality (j4.19p : since 
/Se — )• 1 uniformly, while remains bounded, and fs converges pointwise to /o and satisfies a 
uniform lower bound (see Lemma l4.5p . with the help of Fatou's Lemma we obtain 

liminf Geive) > [ {\v'f + fo{t)\v\^dt) dy . (4.22) 

On the other hand, from ()4.18p and since ^^(C's) is uniformly bounded, one has 

/ ^ell'^yVel^ -iXo + efio)\ve\'^) dtdy + [ Ps liv) \ve\^ dt da{y) < G E^/^ . 

It follows that the function he{t) := {\VyVe{t, - Xo\ve{t, OP) dy+ fg^ -f{y) \vs{t, ■)\'^ da{y) , 
which by the definition of Aq is nonnegative, does converge to zero in Lj'Q^(M). We notice that 
the function ho{t) := (|Vy{)(i, - Ao|£'(i, OP) dy + Jg^ -f{y) \v{t, da{y) is nonnegative 
as well. Moreover, since ■0^ — )• u strongly in L^(M x d) and weakly in ff[^^(M x oj), for every 
R > 0, there holds = iim inf i^^q J^^^j^h^{t) dt > J^^^^ hQ^t) dt. This implies that ho{t) = 

a.e. and therefore v{t, •) is an eigenvector associated with Aq (see ()2.20p ). It follows that v can 
be written in the form v{t, y) = w{t) UQ{y) with w G H^^^{M.). Plugging this expression of v into 
the right hand side of (|4.22p we obtain that w belongs to i7^(]R) n L^(M;t^di) and, in view of 
(|4.14p and (|4.15p . we see that (j4.22p is nothing else but the lower bound inequality (|4.2ip . 

Step 3 (Upper bound inequality). Let v G L^(M x uo). We have to construct a sequence {vs} 
such that Vs ^ V and limsupGe(i)e) < G{v). We may assume that G{v) < +oo so that we can 

write v{t, y) = w{t) uo{y) for a suitable element w G H^{R) n L^(M; t'^dt). 

We consider Vg defined by Vg = Xeit) w{t) uo{y), being Xe on x u. Then, substituting in the 
formula ()4.12p and taking into account that w is bounded while /^^ — )■ 1 uniformly and J^Uq = 1, 
we infer, after some computations, that 

limsupG'£(?)£) = [ \w\^dt + limsup^^ / {i{sf) + te^/'^)] \w\^ dt , 

where for every ^ G we have set: 

$,(e) := / (l-ee-2/)(|Vy'Uop-(Ao + e^o)|^^oP)(iy+ / (1 - e^ y) 7 koP ■ 
In view of (j4.15p . we are reduced to show that 

limsup^ / $e fc(so + te^/^)') \w? dt < \ vlt^\wfdt. (4.23) 
£^0 e^/^ Ju ^ ' JR 
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Since uq satisfy (|2.20p . the order term in vanishes. By writing relation ()2.36p with 

= uo and recalhng ()2.2ip . we get ^ei^) = £ ■ Po — Po) + e^/^o Jui^'V^y ■ Thus, by ()4.2p . we 
have the estimate 



r-3/2 



< Cy/e where feit) := 



rl/2 



Therefore, the concluding inequality ()4.23p is achieved provided 



lim / ipe{t)\w\'''dt = I {uof t"^ Iwl"^ dt . 



This is a consequence of the dominated convergence Theorem, since ^eii) ~^ (^o)^^^ and, by 
(gSI), it holds \ipeit)\ < :^t^ whereas f^t'^\w\'^ dt < +00. □ 



Proof of Theorem 14. II We observe that, by (|2.15p and ()4.13p . there holds for every u G H^{D. 
1 



r3/2 



/ dx 









(4.24) 



where v{s,y) = u o ij;^(s,y) and v{t,y) = e^^^ v{sq + e^^^t). The asymptotic behavior of 
p72 ['^f ~ ('^o + e/^o)] is therefore ruled by the functional Gg to which we apply Proposition 



The proof follows by using exactly the same line as in the proof of Theorem 13.1 
Proof of Proposition 14.21 We introduce if^ : L^(M x w) — ^ M defined by 



□ 



l3si^o\v\'^dtdy . 



For V G H^(Ie X and v vanishing in (M \ /g) x uj, the expression of Hg{v) reads 

He{v) = Ae{v) + Be{v) + Ce{v) , where 



1 



-^v' + {VyV ■ R y)Te 



dt dy 



1 



/?e(|Vy{)p - {\Q + e^MQ + e^l^VQ)\v\'^] dt dy + 



j3sl\v\'^ dt da 



Ce{v) := / -^1 {yyr\vr dtda+ I [jo 



+ 7L 



L- So 
.1/4 ' 



Setting 



inf ■ 



we claim that 



kxc^elvl'^dtdy j ' 

Ao PO 1^0 



dy 

(4.25) 
(4.26) 



< C \fe where := Ag 2 



Indeed, by dividing the inequality (j4.24p by ^/e, we infer that for every u G H^{Q^) it holds 



(4.27) 



1 



Fe{u) - [Xo + sfio + e^^^uo] / \u\'^ dx 

n, 



He{v) 
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being v{t, y) = e^^^ u o ^^(so + e^^^t, y) in Jg x a; and zero in (M \ I^) x to. The claim follows by 
comparing the Rayleigh quotients associated with 9^ and ^q, respectively. 

Let ^sit) '■= (,{so + e^/^t) and let X^^{t) ^"6 the solution of ()2.22p for z = ^e(t). We consider the 
approximating sequence {vs) defined on x a; as follows 

veit,y) := (wo{t) + e'/^m) {Mv) + e Xut)(y)) ^ (4-28) 

and zero outside Ig x uj, where the function ip, specified later, will be a suitable linear com- 
bination of the eigenfunctions {wi ,i = 1,3} defined in ()4.7p . In particular, in order that the 
total energy H£{vs) remains finite, we will need that f^ipwo = J^t'^ifWo = 0. Thanks to the 
normalization condition on functions uo,wq, and recalling that /?£—>• 1 uniformly, one checks 

that lim / ^e\ve\^dtdy = 1. Thus, by (fOHj) and (fOTl) . the upper bound inequality of 
Proposition ()4.2p is established once we have shown that 

lim sup ^^(ug) < 6*0. (4.29) 

We will establish successively the following convergences: 

^m(^A,ive)-0=j^ \wo\^-^j^ wo0'^ = f\so) jjVuo-Ry\^-C2f'{so) + j^W? dt 

(4.30) 

lis (^'(*'' + ire L "'"I' ^ /. = • ^ ^iCf^ ^ 

, [(2.2 M-|2>. , [ PO • C^^H^O) ,3 ~ - 

+ / (^0* -^ojlvl at + rwQipdt 

(4.31) 

MuiC.ive) = f ^\uoWyyfda. (4.32) 

Adding up the three previous equalities, we infer that 



limsupi/,(t),) < hM{sQ)-i{sQ) + Cif\so)-C2f'{sQ) + ^^^^^+8{^) (4.33) 
where the last term, to be minimized with respect to G //""^(M), is given by 



8{0) := / / [u^t^-uo] \(p\^dt+2 / h{t)(fdt with /i(t) := 

Jr jr 



6 



It turns out that h is orthogonal to wq and can be expressed as a linear combination of normalized 
eigenvectors wijW-s introduced in ()4.7p . In fact, we have 



^(t) = (-0)^/^ 4, , ^(t) = (.o)^/^-^ -(.o)^/^f t, 
Wo V2 Wo 4V3 4 

and, consequently, 

^Vo)^ VVI"^''^' ' V3 



= — rTTB — ^'^iW +^^3(i) 
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Applying Lemma 15.11 we deduce that the minimum of £{(p) is reached for a suitable linear 
combination (^opt of wi and ^3. Taking into account that V'i — VQ = Gz/q, vi — vq = 2uq and 
recalling (|4.4p . we have 



17 




2 

17 




36 









Then, plugging ip = (^opt into the definition (j4.28p of Vs and in view of (j4.10p . the upper bound 

inequality (|4.29p follows directly from ()4.33p . 

It remains to show claims (|T30]) . (|T3T]) and ([02]) . 

Let us plug into the three expressions in (j4.25p , taking into account that for all t G it holds 



In particular, we have the following estimates: 

\\v',{t,y)-{<+£^^^^')(.t)uo{y)\\mi^>cu) < C e , \\VyVe{t,y)-{wo+e^/^^){t)VyUo{y)\\mi,xu) < C e . 



Thus, as |1 — /3e| < Ce and observing that, by ()4.8p and the exponential decay of wq, we have 
I // (I'^^oP ~ ^l^oP)| ^ V^, it follows that the left hand side of ()4.30p has the same asymptotic 



01 

behavior as 



After straightforward computations, taking into account that — )• f(so) uniformly and inte- 
grating with respect to y G a;, we obtain 



(4.34) 



liniLe=f(so) / \Vuo-Ry\ + lini Je{^) + —jj 

where J£{(p) := //^(|<^'P +2C2 ^{w'qLP + WQ'p') ff. dt and := 2C2 Jj^{wQ{t)wo{t)) dt. 

Integrating by parts, and as the boundary terms are exponentially small {ip is a linear combi- 
nation of wijW^), it holds that 

lim / (wQip + WQip') fgdt = — lim / WQif f'(so + e^^'^t) e^l^ dt = , 

lim/ \wn\'^fedt = -lim [ \wo\'^ f'(so + e^^H)e^/^ dt = -f'(so) , 

where in the last integral we use dominated convergence. Therefore, we obtain that 

limreff-^/^ = -C2f'(so) , lim Je((^) = /" . 
Then (O0]l follows from 

The derivation of (|4.32p is straightforward since 



CeiVe) 



7l'"oP(y • yf da 



t| \wo\^ dt 



+ 



1o\uq\ dy 



Wo 



So 

cl/4 



+ 



1l\uo\ dy 



Wo 



L- So 
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where the expressions in the last hne vanish as e — )• due the exponential decay of wq. 

Eventually we finish the proof by establishing the claim BTMl Let us insert /?£ = 1 — ^(^^(t)-?/) and 
Vs given by (|4.28p in the expression of (see (|4.25p l. By using the assertion ii) of Proposition 
2.11 we have 



hm \ 



Urn ^ I \wo + e^/^<f\^ ^e«,(t)('"o + Xe^,(t)) dt 
hm / I {MoUt)-Ut)) \wo + e'/^'ipl^ dt 



1 



Moe(so)-C(so) 



where in the last line we used dominated convergence, the exponential decay oiwo and /j^ IwoP 
1. Thus, recalling the definition of in (j4.25p . we deduce that 



Wq(p 



Mo C{so) • ^so) + lim Ue{ip) , (4.35) 

2 e->0 



where we have set 



) \wo + e'/'0\'dt + 0=l^ \u,o\' + ^l^ w',^' . (4.36) 



As ^(s) is of class C^([0, L]), we may use the following Taylor expansion at fourth order in e^/^ 
(recah that z/^ = \pQ ■ (,"{so) and ^(t) = po ■ ^{sq + e^^'^t)) 



(po ■ m) -po-i^oV^ = e'/^ {vl - uo) + *-po ■ C'-'^ (so) + e ^ Po ■ (^o) + o{e) 

o 24 



Then, taking into account the exponential decay of functions wq, ip, the integrals over in (j4.36p 
can be substituted with the same integrals over all M and we obtain the following expansion: 



— {VqI - 1^0 + —)\wq\ dt 



+ 



1 



t 

. 2(vlt^ -VQ)w^(p^-{pQ-i^^^{sQ))\wQ\^dt 

{ul t' - ^o) \^\' + ^ (po • C^'\so)) wo^ + ^ (Po • C^'Kso) \wo\' 



+ 

+ o(5V4) 



dt 



By ()4.8p the first term in vanishes. Observing that i^|tt;oP and wq^ are odd functions, we 
see that the second term (in ^74) vanishes as well and we conclude that 



lim Ue{(p) 

£-5>0 



{u^t^ - uo)\^\^ + — {po ■ &Hso)\wo\ 



dt. 



The claim (IOT]l fohows from (OSD . 



□ 
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5. APPENDIX 

5.1. Some elementary results. 

Lemma 5.1. Let A : H ^ H he a positive linear self-adjoint operator with compact resolvent. 
Let Q < uq < vi < 1^2 ^ ' ' ' be the eigenvalues where the first one z/q is assumed to be simple. 
Let {eo, ei, 62, • • • • • • } be a basis of associated eigenvectors. Then: 

i) For every \, the following implication holds 

|A — vq\ < -^—^ — - =^ ll^f — Af II > |A — uqI \\v\\ \/v £ H . 
a) For every h £ H such that {h\eo) = 0, there holds 

mm{{Av\v)-iyoiv\v) + 2{h\v)} = - K^^M^ . 



Proof. The assertion i) is a consequence of the inequahty ||Av — Af || > infjgj^ |A — fj|} ||f || (vaHd 
whenever ^ is a self-adjoint operator). To show ii), we observe that, for every v = e^, the 

energy £{v) to be minimized can be written as 

oo 

k=l 

The minimum is achieved by taking Ck = — ^ ^ for k > 1 and cq arbitrary. □ 

T^k - ^0 

5.2. The F-convergence method. In this section we present a general result that enables 
us to guarantee the spectral convergence of our problem, throughout the T-convergence of the 
corresponding energy functional. The proof can be found in [2]. We begin by recalling the 
definition of T-convergence. Consider a quadratic functional G : L^((5l) — )• (— oo,-|-oo]. We say 
that the sequence {Gg} T-converges to G in H = L'^{Ql) if the following two conditions hold: 

(i) (lower hound) For any v and {vA such that t;^ — )• v in H, liminf G£(ue) > G(t;); 

(ii) (upper hound) For every there exists a sequence {ve} such that Ve ^ v m. H and 
limsupGe(i;e) < G{v). 

It turns out that such a F-limit G always exists, possibly after extracting a subsequence. Also, 
the F-convergence of {G^} is unchanged if we subsitute G^ by its lower semicontinuous envelope 
(with respect to the strong topology in II) and the F-limit G enjoys the lower semicontinuity 
property as well. For further features on F-convergence theory, we refer to the monograph by G. 
Dal Maso [5], where particular issues concerning the case of quadratic functionals and related 
linear operators are detailed (see Section 12 in this book). The relationship with the strong 
compact resolvent convergence of operators is summarized in the following 

Proposition 5.2. Let A,, : — )■ H,. he a sequence of self- adjoint operators where coincides 
algebraically with a fixed Hilhert space H endowed with a scalar product {■\-)e such that 

Oe ll^^lP < {u\u)s < bs WuW"^, 

being as,bs suitable constants such that a^,bs — s- 1 and {■,■), \\ ■ \\ represent the usual scalar 
product and norm in H, respectively. Let '. H ^ (— oo,-|-oo] he a lower semicontinuous 
quadratic form satisfying Gs{v) = {A£v\v)£, if v £ D{Ai;), and assume that the three following 
conditions hold: 

i) Ge(v) > —Co llt'lp for a suitable constant cq > 0. 
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ii) If sup{Gs{ve) + \\ve\\} < +00, then {vs} is strongly relatively compact in H. 

£ 

Hi) Ge does T— converge to G. 

Then, the limit functional G determines a unique closed linear operator Aq : H ^ H with com- 
pact resolvent, with domain D{Aq) (a priori non dense in H) and such that G{v) = {Aov,v) for 
all V E D{Aq). Furthermore, the spectral problems associated with A^ converge in the following 
sense: let /^f,ff and ^i,Vi he such that 

vl€H, A,vl = ntvl, /i§ < < ••• < ••• , {viH)e = 6ij, 
v"- £ H , Aqv' = fiiVi , ^0 < ^1 < • • • < Mi • • • , {vi\vj) = 5ij . 

Then, as e — )■ 0, /uf — )• fii for every i S N. Moreover, up to a subsequence, {vf} converges 
strongly to eigenvectors associated to fii. Conversely, any eigenvector Vi is the strong limit of a 
particular sequence of eigenvectors of A^ associated to fif. 
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